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Abstract 

This paper describes a procedure to estimate at a point of coordinates Pe, the 

value Z7e of a dependent variable Z7 that quantifies the spatial behavior of a 

property of a mineral deposit (for example, the volumetric mass), 

simultaneously using information from two databases named respectively BD1 

and BD2. The procedure is based on the use of a Multiple Multivariate 

Estimator that, applied exhaustively to the combinations that are established 

for the possible values of the parameters (p, s and m) of a UPD kernel 

function, allows obtaining optimal results with respect to a coefficient of 

variation CVe which evaluates the relationship between the estimation error 

and the estimated value. The form in which the multiple multivariate 

estimator presented has been defined allows it to be classified as viable and 

effective. 

Keywords: mathematical modeling, mining deposits, estimator (A,U,Θ), 

multivariate estimator, effective estimator, feasible estimator, multiple 

estimator, estimation error 

Resumen 

Este artículo describe un procedimiento para estimar en un punto de 

coordenadas Pe, el valor Z7e de una variable dependiente Z7 que cuantifica el 

comportamiento espacial de una propiedad de un yacimiento mineral (por 

ejemplo; la masa volumétrica), utilizando simultáneamente información de 

dos bases de datos denominadas respectivamente BD1 y BD2. El 

procedimiento se basa en el uso de un Estimador Multivariado Múltiple que 
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aplicado exhaustivamente a las combinaciones que sean establecidas para 

los posibles valores de los parámetros (p, s y m) de una función núcleo UPD, 

permite obtener resultados óptimos respecto a un coeficiente de variación 

CVe que evalúa la relación entre el error de estimación y el valor estimado. 

La forma en que ha sido definido el estimador multivariado múltiple que se 

presenta, permite calificarlo como viable y eficaz. 

Palabras clave: modelación matemática, yacimientos mineros, estimador 

(A,U,Θ), estimador multivariable, estimador eficaz, estimador factible, 

estimador múltiple, error de estimación 

1. INTRODUCTION 

During the study of mineral deposits, geo-referenced sample studies of their 

properties are conducted to obtain data. With the aid of mathematical point 

estimators, these data lead to models that explain and predict the behavior 

of the properties under investigation (Ding et al., 2018; Legrá-Lobaina and 

Terrero-Matos, 2019; Tomás, 2020). Without loss of generality, the following 

scenario can be presented: 

1.1. Available Data, General Technical Problem, and Specific 

Mathematical Problem 

Assume that, based on preliminary sampling, two databases are available: 

a. The first (denoted DB1) refers to a sampling study of six properties of a 

deposit at *k* spatial geo-locations (given by their coordinates). At each 

point, numerical values are determined for some properties, while others take 

classificatory values. This spatially dense study generates *k* elements in 

DB1 and is relatively inexpensive. For each of these elements, the values of 

the following fields are available: 

• Specific geological references for each sample. 

• Planar coordinates: X (east-west); Y (south-north); Z (elevation or 

sample height above sea level). The triple P=(X; Y; Z) is termed the 

spatial coordinates or geographical location of each sampling point. 

• Data for the six variables under study: Z₁, Z₂, Z₃, Z₄, Z₅, Z₆, measured 

or determined at each sampling point P. In the present work, it is 

assumed that the values of variables Z₁, Z₂, Z₃ quantify laboratory 

results and measurements; whereas variables Z₄, Z₅, Z₆ report on 

sample classifications or typologies. 
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b. The second database (DB2) refers to another study of 10 variables where 

sampling for the new variables is more complex and expensive. 

Consequently, it is spatially less dense, with *n* < *k* elements, each with 

its corresponding field values: 

• Specific geological references for each sample. 

• Spatial coordinates: P=(X; Y; Z) for each sample. 

• Data measured or determined in each sample: Z₁, Z₂, Z₃, Z₄, Z₅, Z₆, 

Z₇, Z₈, Z₉, Z₁₀, where the values of variables Z₇, Z₈, Z₉, and Z₁₀ 

quantify other measurement results and laboratory tests. 

The general technical problem arises: to model the behavior of the property 

described by variable Z₇ within the mineral deposit using a grid (Legrá-

Lobaina, 2017) by employing point estimators and the available data. 

The specific mathematical problem derived is to find a mathematical point 

estimator that, considering the data from DB1 and DB2, allows for the 

estimation of the values of variable Z₇ at all points in DB1, as well as at other 

points within the space occupied by the deposit. 

1.2. Effective Estimator for Z₇ 

In this context, an estimator for Z₇ will be termed effective if it: 

1. Uses the information available in the input data while guaranteeing 

computational efficiency of the calculations and meeting the 

requirements for the ranges of the estimated values. 

2. Ensures adequate explanatory and predictive capabilities, assessed 

and monitored through cross-validation techniques applied to the input 

data from DB1 and DB2. 

3. Determines which input data are admissible for the estimator. 

4. Ensures the conditions for the estimator to be capable of obtaining the 

value Z₇ₑ for each location Pₑ in DB1. 

5. Calculates the error bounds for each point estimate Z₇ₑ performed for 

location Pₑ in DB1. 

6. Minimizes the values of the error bounds for Z₇ₑ performed for Pₑ in 

DB1. 

The objective of the present article is to present an effective mathematical 

point estimator that, taking into account the data from DB1 and DB2, allows 
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for the estimation of the values of variable Z₇ at all points in DB1, as well as 

at other points within the 3D subspace occupied by the deposit. 

2. POINT ESTIMATOR (A,U,Θ) WITH UPD KERNEL FUNCTION TO 

OBTAIN Z₇E 

An estimator capable of determining the value Z₇ₑ at each location Pₑ = (Xₑ; 

Yₑ; Zₑ) in DB1 is required. At Pₑ the values Z₁ₑ, Z₂ₑ, Z₃ₑ, Z₄ₑ, Z₅ₑ, and Z₆ₑ are 

known. 

To estimate Z₇ₑ only m input data points (m≤n) from DB2 will be used, which 

is conceptualized by stating that the estimation has a Compact Support. It is 

proposed that the estimator satisfies six conditions: 

1. The result Z₇ₑ depends on the spatial relationship between Pₑ and 

the m data points (Pᵢ; Z₇ᵢ) belonging to DB2. 

2. Z₇ₑ depends on the values Z₁ₑ, Z₂ₑ, and Z₃ₑ. 

Under these two conditions, it is proposed that the estimator be linear and 

take the form: 

3e42e31e21emme22e117e ZbZbZbbL...LLZ +++++++=                                            (1) 

Where the kernel function Θ of an estimator (A, U, Θ), as defined by Legrá-

Lobaina in their 2017 work, must be specified. 

Using mathematical vector notation, equation (1) can be written as the sum 

of two scalar products: 

       cbL e7e •+•=Z                                                                               (2) 
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The third condition is proposed: 

3. The Kernel Function Θ is of the PD type (Euclidean distance power with 

parameters p and s): 

Θ𝑒𝑖 = 𝑑𝑒𝑖
−𝑝

 with: 𝑝 > 0 and 𝑝 ≠ 2,4,6, … ; 𝑠 ≥ 0                                                    (3) 
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Where dei is calculated as the Euclidean distance between the two points Pe 

and Pi, including the smoothing factor s: 

𝑑𝑒𝑖 = √(𝑋𝑒 − 𝑋𝑖)2 + (𝑌𝑒 − 𝑌𝑖)2 + (𝑍𝑒 − 𝑍𝑖)2 + 𝑠2                                                   (4) 

For points Pj and Pi, one can define: 

𝑑𝑗𝑖 = √(𝑋𝑗 − 𝑋𝑖)2 + (𝑌𝑗 − 𝑌𝑖)2 + (𝑍𝑗 − 𝑍𝑖)2 + 𝑠2                                                      (5) 

Subsequently, a technique for finding the vectors [L] and [b]  which, when 

substituted into expression (2), determine the value of Z₇ₑ, is explained. For 

this, two further conditions are given: 

4. The proposed estimator has the capability to estimate at any point Pᵢ 

in DB2, and the result Z₇ₑ coincides with Z₇ᵢ. 

This means that for j=1, …, m: 

3j42j31j21jmmj22j117j ZbZbZbbL...LLZ +++++++=  

And thus, the following system of linear equations (SLE) can be defined: 

 

                 

(6) 

 

This system of linear equations (SLE) has m + 4 unknowns: L1, …,Lm, b1, …,b4 

and only m equations (i.e., it is not square), which is an essential impediment 

to having a unique solution for any point in DB2. It is for this reason that, 

according to Legrá-Lobaina (2017), the following equations are added             

to the SLE: 
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And thus, the square and symmetric system of linear equations (SLE) is 

constituted as (8): 
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Which can be written in matrix form as expression (9): 
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And by denoting the matrices: 
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Then (9) can be written in compact form as: 
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With the results [L] y [b], the point estimation can be performed according 

to expression (2). 

Given that obtaining each estimated value Z₇ₑ requires solving a square 

system of linear equations of order m+4, and considering that the behavior 

of the variable Z₇ is specific to the various regions of the deposit, it is 

convenient to impose rules regarding the data support used in each 

estimation. Thus, the following condition is stated: 

5. To perform the point estimation Z₇ₑ at Pₑ, a Compact Support from 

DB2 will be used, comprising m points (m≤ n) that satisfy at least one 

of the following conditions: 

a. Have the same classification Z₄ₑ as Pₑ; 

b. Have the same classification Z₅ₑ as Pₑ; 

c. Have the same classification Z₆ₑ as Pₑ; 

d. The maximum number of m points to be used should be fixed so that 

(for computational efficiency reasons) m does not exceed 100, and 

these m points should be the closest to Pₑ in terms of Euclidean 

distance. 

The value of m can be predetermined or determined under certain conditions. 

In this work, it is proposed to heuristically set the maximum value of m for 

each estimation. 

Finally, an important condition is stated to guarantee that the estimation lies 

within a range close and convenient to the range defined by the data in DB2: 

6. The estimation Z₇ₑ is categorized as strictly admissible if Z₇ₑ exists 

and: 

a. Z₇ₑ is less than or equal to the maximum value of Z₇ in DB2. 

b. Z₇ₑ is greater than or equal to the minimum value of Z₇ in DB2. 

However, this condition can and should be relaxed when it is necessary to 

increase the estimator's feasibility. For this purpose, the estimation is defined 

as admissible if it can be calculated and its result lies within the adjusted 

ranges, meaning the following holds: 

a. Z₇ₑ is less than or equal to 1.05 times the maximum value of Z₇ 

in DB2. 

b. Z₇ₑ is greater than or equal to 0.95 times the minimum value of 

Z₇ in DB2. 
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It should be noted that these range adjustment values (1.05 and 0.95) can 

be redefined as suitable for the procedure in which the estimator is 

implemented. 

3. DUAL ESTIMATOR AND ERROR BOUNDING 

As has been demonstrated (Legrá-Lobaina, 2017), the described estimator 

has a dual form which, using the notation of the compact support of m points, 

is described as follows: 

• The SLE (10) is redefined using the transpose of matrix A (denoted 

AT): 
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Note that by solving the SLE (12), the vector [λ] is now calculated instead of 

the vector [L]. 

• The new expression for obtaining the estimated value is: 
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• The expression for bounding the estimation error in this case (Legrá-

Lobaina, 2018) is: 


=

−=
m

1i

7e7ii Zλ Ze                                                              (15)  

4. CROSS-VALIDATION FOR EVALUATING ESTIMATORS 

Various cross-validation techniques exist (Arlot and Celisse, 2010;    

Tibshirani, 2013; Zhang & Yang, 2015; Legrá-Lobaina, 2020). In the scenario 
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of the present investigation, the leave-one-out procedure will be adopted as 

the method to evaluate the quality of the data and the selected estimator. 

This technique involves estimating the value of Z₇ at each data point Pᵢ in DB2 

but excluding that specific point from the estimation process. The result of 

this estimation, denoted Z₇ᵢₑ, is compared with the sampled value Z₇ᵢ using a 

criterion that indicates the quality of the estimation. This rating is higher the 

closer the estimates are to their corresponding sampled values. 

As a percentage measure of closeness between each sampled value Z₇ᵢ and 

its corresponding value estimated using the remaining data (Z₇ᵢₑ), the 

absolute percentage relative difference is proposed (16): 

dZ7i =  
7i

7ie7i

Z

Z
100

Z−
                                                                (16) 

The quality of the (Data, Estimator) pair can now be evaluated based on the 

statistical distribution of the admissible dZ₇ᵢ values determined for 

the m values in DB2. For example, the frequencies of dZ₇ᵢ results falling within 

[0%; 10%], (10%; 20%], (20%; 30%], and greater than 30% are 

significant. 

It is also productive to consider the linear correlation coefficient C between 

the Z₇ᵢ values and the Z₇ᵢₑ values as a measure of the correspondence 

between the measured and estimated values. The formula for calculating C 

(Miller et al., 2005) is given in (17): 

C=  
eZ77

7e7

Z

ZZ

σ

σσ 

                                                                     (17) 

Where: 

7e7 ZZ σσ y  are the standard deviations of the variables Z₇ and Z₇ₑ, 

respectively. Likewise, 
eZ77Zσ  is the covariance between the variables. 

Therefore, to quantitatively evaluate the quality of the estimator: 

• It must be known how many and which estimations were not 

admissible (because they could not be performed or were outside the 

adjusted ranges). If all estimations were performed, the estimator is 

termed a Total Estimator; and if all estimations are within the 

adjusted ranges, it is termed an In-Range Estimator. 
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• The number of dZᵢ values below 10% must be determined. It is also 

useful to know how many of the remaining values are below 20%; and 

of the rest, how many are below 30%. 

• The value of the correlation coefficient C will also be determined, which 

preferably should be close to 1. 

These quantitative criteria allow for determining whether the estimator is 

satisfactory for the known data and enable the decision to either review the 

data or change the estimator's configuration—in this case, selecting new 

values for p, s, and m. 

5. PROCEDURE FOR SELECTING OPTIMAL ESTIMATORS 

A mathematical optimization problem is one where the absolute or relative 

extreme value (maximum or minimum) of an objective function is sought. 

This function depends on the problem's data and on variables (termed 

intermediate and decision variables) linked through equations and 

inequalities—constraint relations that define the problem's feasible solution 

set (Legrá-Lobaina, 2022). In summary, solving an optimization problem 

involves finding for which values of the decision variables that satisfy the 

constraints the objective function reaches an extreme value, i.e., a minimum 

or maximum. 

From a practical standpoint, as a means to solve highly complex scientific-

technological problems, the concept and process of mathematical 

optimization have been made more flexible. It is also understood as the 

search for a set of feasible solutions, from which to select those that satisfy 

certain optimization criteria (Arzola-Ruiz, 2000; Blum & Oli, 2003). 

In the present work, the first step will be to formally define the decision 

variables as the parameters p, s, and m. Each combination of their values 

defines a UPD estimator, which will be considered feasible if it is a total 

estimator and operates within the adjusted ranges. 

The final step is to select the best among the feasible estimators using one 

of the following criteria: 

1. Having the smallest number of dZ₇ᵢ values > E=10%. 

2. Having the highest linear correlation coefficient C. 

In practice, the first task is to heuristically delimit the ranges within which 

the parameters p, s, and m take their values. These are denoted as pₘᵢₙ, pₘₐₓ, 

sₘᵢₙ, sₘₐₓ, mₘᵢₙ, and mₘₐₓ. 
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An important aspect to consider is related to the discrete nature of the 

parameter m and the continuous nature of the parameters *p* and *s*, 

which classifies this optimization problem as a mixed continuous-discrete 

type. The decision proposed to address this situation is to convert the 

optimization problem into a discrete type by "discretizing" the 

variables *p* and *s*. 

The second practical task is to choose the step sizes kₚ, kₛ, and kₘ that 

determine the possible values of p, s, and m: 

• p = pₘᵢₙ = p₁; p₂; p₃; …; pₖₚ = pₘₐₓ 

• s = sₘᵢₙ = s₁; s₂; s₃; …; sₖₛ = sₘₐₓ 

• m = mₘᵢₙ = m₁; m₂; m₃; …; mₖₘ = mₘₐₓ 

The choice of the values for kₚ, kₛ, and kₘ is a very sensitive aspect for the 

effectiveness of the search for a set of feasible estimators and for determining 

the optimal one among them. It must be considered that if kₚ, kₛ, and kₘ are 

very large, then a vast number of calculations will be required, potentially 

making the task unfeasible; conversely, if kₚ, kₛ, and kₘ are very small, it will 

be difficult to find a sufficient number of admissible solutions to correctly 

determine an optimal estimator. Practice indicates that these values should 

be taken as large as the computational resources allow. 

Under these conditions, an Exhaustive Search procedure is proposed 

(Rivera, 2004), which corresponds to so-called Combinatorial 

Optimization (Peng et al., 2003; Vidal et al., 2012). Note that for each 

combination of the kₚ values of p, the kₛ values of s, and the kₘ values of m, 

a particular estimator can be obtained. The cross-validation test explained in 

point 4 is applied to each, determining if it is Total and if it is in Range (i.e., 

if it is feasible), the statistical distribution of dZᵢ, and the value of the 

correlation coefficient C. 

By applying the cross-validation procedure to the kₚ × kₛ × kₘ possible 

estimators, the set F of T feasible solutions, denoted F₁, F₂, …, Fₜ, is 

obtained. The subsequent task is to apply the optimization criterion. 

As stated, the possible procedures for determining which of the T feasible 

estimators is optimal can be the following: 

1. Procedure Min[>10%]: For each feasible estimator Fq, q=1,…,T,, 

calculate how many of its values satisfy: (dMVi)q>10%. The feasible 

solutions are ordered from the smallest to the largest value according 

to (dMVi)q, resulting in the set [E1,…,ET]. The optimal estimator, E = 
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[E₁], is then taken as the first one in the ordered list, i.e., the one with 

the smallest count. 

2. Procedure Max[C]: For each feasible solution Fq, q=1,…,T, calculate 

the linear correlation coefficient (C)q. The feasible solutions are ordered 

from the largest to the smallest value according to (C)k, resulting in 

the set  [E₁, …, Eₜ]. The optimal estimator, E = [E₁], is then taken as 

the first one in the ordered list, i.e., the one with the highest value. 

In this step, a novel proposal is made: instead of obtaining a single optimal 

estimator via either the Min[>10%] or MIN[C] procedure described, it is 

better to obtain a set of optimal estimators by taking the first t≤T 

elements from each respective ordered list. Thus, the elements of the set S 

= [E₁, …, Eₜ] are feasible estimators E_r (r=1,…,t) with acceptable quality 

and parameters mr, pr, sr. In this case, the set S is termed a multiple 

estimator. 

By selecting the top t estimators, ordered according to the chosen 

optimization criterion, a broad set S = [E₁, …, Eₜ] of point estimators is made 

available. This set allows for the identification of which points in DB2 exhibit 

excessively large dZᵢ values across all (or a certain majority) of the tested 

estimators. If these points were rectified or removed from DB2, a new data 

table, which could be termed DB2₁, would be obtained. 

Using the data from DB2₁ and potentially more suitable parameters for the 

"discretization," the described process can be repeated, potentially refining 

the optimization. These refinements can be iterated until the researcher 

deems that a suitable set S of estimators has been obtained for the data 

remaining in DB2₁. 

6. 3D ESTIMATION OF Z₇ VALUES IN DB1 

Given that DB2₁ now contains n acceptable data points and S holds the t best 

estimators meeting the conditions described in section 3, the next step is to 

estimate the value of Z₇ for each location Pⱼ (j=1,…,k) in DB1. 

For any estimator Eᵣ in S (r=1,…,t), the new criterion for evaluating the quality 

of each point estimate Z₇ₑ will be the coefficient of variation: 

7e

e

Z


=eCV                                                                                (18) 

Where: 

e - Estimation error defined by equation (15). 
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Z7e - Value estimated by either expression (2) or (14). 

From equation (12) it is known that the sum of the weights is 
=

=

m

1i

i 1λ , 

acknowledging that the values of iλ   can be negative, zero, or positive. Since 

e is calculated using the absolute values  iλ , when these absolute values are 

conveniently small, small values of e will be obtained. The following 

questions now arise: 

1. For each point Pₑ in DB1. A priori, which estimator in S minimizes CVₑ? 

Answer: A priori, it is not known which estimator in S minimizes CVₑ. 

2. If none of the estimators in S produce an estimation Z₇ₑ at Pₑ such that 

CVₑ is satisfactorily small, which new estimators can be tested to try 

to obtain lower values of CVₑ? 

Answer: New estimators obtained through admissible positive and 

negative variations of the value mᵣ, which defines the size of the 

compact support for each estimator in S, can be tested. 

Procedure for Estimating Z₇ₑ 

A. Set the parameter dm = 0. 

B. Estimate Z₇ₑ at Pₑ using each of the r=1,…,t estimators in S, setting  

m = mᵣ + dm, and each time store (Z7er CVer mr pr sr). 

C. From the results of step B, select the result with the smallest value of 

CVₑ, denoted as (ZeM CVeM mM pM sM). If the obtained value CVₑₘ is 

satisfactorily small, then the procedure terminates, and the answer is 

(ZeM CVeM mM pM sM). 

D. Repeat steps B and C, setting dm:= -1. Step D is repeated, decreasing 

dm each time, until m = mᵣ + dm = 3, at which point dm is reset to 0 

and step E is executed. 

E. Repeat steps B and C, setting dm:=dm+1, but only until  

     m = mᵣ + dm = 30. 

 

7. CONCLUSIONS 

• For estimating the value Z₇ₑ at any point Pₑ in DB1, a Multiple 

Multivariate Estimator (set S) is now available. Exhaustively applied 

across the possible variations of its parameters p, s, and m, it allows 

for obtaining results that are optimal with respect to the coefficient of 

variation CVₑ, potentially qualifying the multiple estimator as effective. 
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• Based on the results explained in this work, it has been deemed 

appropriate to future study the utility of employing the kernel function 

of the UPD-L estimator introduced in Legrá-Lobaina (2015) as a form 

of multivariate estimator. 

•  
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